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The Duflo map is a valuable tool for operator ordering in contexts in which 
the Kirillov-Kostant-Souriau bracket and its quantization plays a role. It has 
beautiful properties on the subspace of the symmetric algebra over a Lie 
algebra consisting of elements invariant under the adjoint action. In the 
present work, we focus on its action beyond this subspace: We calculate the 
image of the exponential map, to obtain a certain deformation of SU( 2 ), and 
we discuss and compare modifications of its action on non-invariant elements. 
Also, an application to the calculation of Chern-Simons theory expectation 
values is discussed. 


1 Introduction 


The Duflo-map Qd [I] 

Qd : 5(0) ^ Z^(0) (1) 

is a map from the symmetric algebra 5(0) over a Lie algebra 0 into its universal envelop¬ 
ing algebra U{g). The symmetric algebra can be interpreted as consisting of polynomial 
functions on the dual 0*. One can think of 0* as a phase space by equipping the symmet¬ 
ric algebra with a Poisson bracket, the Kirillov-Kostant-Souriau bracket. Then Q/j is a 
quantization map. Indeed, the Duflo map is a special case of Kontsevich’s quantization 
of Poisson manifolds [ 2 ]. As such, it is a natural choice for a quantization map, whenever 
Lie algebras and those brackets play a role, and has consequently found its way into the 
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physics literature. An elementary and intriguing example is the Duflo quantization of 
the hydrogen atom by Rosa and Vitale [3] where they obtain the energy spectrum of the 
hydrogen atom (including the correct degeneracies). In that case, the use of the Duflo 
map makes the choice of an ordering in the Lenz-Runge vector obsolete. 

In loop quantum gravity, one of the variables is a (densitized) vector field E, taking 
values in su(2)*. The components of E become non-commutative in the quantum theory. 
The non-commutativity is dictated by the structure constants of SU(2) and can be 
thought of as arising from a quantization of the Kirillov-Kostant-Souriau bracket. This 
makes the Duflo map interesting in the context of loop quantum gravity. Indeed, it has 
found several applications in this field. The first was a proposal for the quantization 
of the area operator [3]. In this case the use of the Duflo map leads to a different area 
spectrum. Further applications include a quantization of 2-|-l dimensional gravity with 
LQG methods 150 and a momentum representation for LQG [B]. 

More recently, the Duflo map has also been used to quantize a version (using the traces of 
surface holonomies) of the boundary condition satisfied by spherically symmetric isolated 
horizons in the SU(2) formalism. This approach lead to the occurrence of Ghern-Simons 
theory expectation values mu without bringing in Ghern-Simons theory by hand as is 
done in the standard treatments of black holes in LQG. 

From a mathematical point of view, the property that gives the Duflo map an edge over 
symmetric quantization is that it is an isomorphism of algebras when restricted to a 
certain subalgebra, namely the subalgebra ^(g)® of (gauge) invariant elements under the 
adjoint action. With the notable exceptions of [3 E], all the applications of the Duflo 
map to physics mentioned above only made use of the Duflo map on this subalgebra. 
The main goal of the present work is to study the Duflo map on the larger space 5(g), 
for the case G = SU(2). 

Since the action of Qd away from 5(g)® is arguably less fixecj^, we will also consider 
different extensions Q'jj. 

Explicit results on Qd (or variants) on the whole space 5(g) can be used to generalize 
mm to expectation values of (untraced) holonomies. While this is interesting in its 
own right, it is also a step towards finding a preferred ordering for a quantization of 
(an exponentiated version of) the isolated horizon boundary condition in LQG. Such 
a generalization involves in particular finding an extension of the Duflo map to terms 
which are not gauge invariant, since the results of [S] provide evidence that the Duflo 
map yields the correct ordering for the products of flux operators occurring in the series 
expansion of the surface ordered exponential. In a first attempt we will apply the explicit 

appears that in this application, a different, though closely related, quantization map is used - see 
the discussion in section 2] 

^It appears that it can be fixed by requiring functoriality, but we are not aware of a proof of that 
statement. For a given G, the action of Qd away from <S(0)® can be changed. 
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formula for the Duflo map used in [5] also to gauge variant terms. In particular, we will 
extend mm to the full (untraced) SU(2) isolated horizon boundary condition. 

As we will also be computing what one could call the quantization of the exponential 
map, the result will be an operator valued matrix that can be understood as a quantum 
deformation of SU(2). A comparison to other quantum deformations, such as SUq(2) 
will appear elsewhere [U]. 

The paper is organised as follows: We will start with a short introduction to the Duflo 
map and its application in LQG, in particular in [5]. Next we will evaluate the Duflo map 
on the particular type of gauge-invariant terms relevant for the current considerations. 
This section will also contain a precise definition of the Duflo map. In section 0] we will 
compare the result of our calculations to results obtained using a different continuation 
(to non-gauge invariant terms) of the Duflo map [TU]. Finally, in section O we will 
use our results to Duflo quantise a specific function of flux operators (essentially their 
exponential) and elaborate on the possibility to derive skein relations from this. A 
section devoted to the discussion of our findings as well as a brief outlook will conclude 
this paper. 


2 An introduction to the Duflo map 


The Duflo-map [T], a generalization of the Harish-Chandra isomorphism m , is a map 
from the symmetric algebra ^(g) over a Lie algebra g to its universal enveloping algebra 
Z//(g), with marvelous properties. More precisely, it is an algebra isomorphism 

Qd : 5(g)0 Z{U{q)) (2) 

between the subalgebra of invariant elements of 5(g) and the center of Z//(g). Sometimes, 
the name Duflo map is reserved to the algebra isomorphism ([2]) above, but we will use 
it for the action on all of 5(g), as it was originally defined by Duflo. 

In [3], it was observed that Qd can be used as an ordering prescription for invariant 
functions on a Lie group that preserves all the classical relations. The Poisson structure 
that is quantized is given by the Kirillov-Kostant-Souriau (KKS) bracket which defines 
a Poisson structure on 5(g). To this end we regard 5(g) as polynomial functions over 
g*. Given o S g, the corresponding function is Ea{z) = —iz{a), and the bracket reads 


{Ea{z),Ei,{z)] ■.= E^a,b]{z)- (3) 

We note that this is not the only Poisson structure that can be put on 5(g). More 
discussion will appear elsewhere [S] . 
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The explicit formula for the Duflo map Qd on 5(g)® as given in [T] is 

QD = QsojHd), (4) 

where Qs denotes symmetric quantization (i.e. the Poincare-Birkhoff-Witt isomorphism) 
and j 2 (9) is an infinite order differential operator obtained from inserting the natural 
derivative on Sym(g) into the function 





on g, with ad^; denoting the adjoint action of x. 


(5) 


Both, the KKS bracket Q and the Duflo map (|3D are defined on all of 5(g). The 
distinguishing feature oi Qd (the algebra isomorphism property), however, only holds 
on the subalgebra 5(g)®, whence other extensions of this map to the full symmetric 
algebra are conceivable. For instance, one might consider 5(g) as a 5(g)®-module and 
continue as a morphism of 5(g)®-modules. This raises the question whether there 
is an extension to all of 5(g) which is in some sense more natural than any other. One 
aim of this work is to consider the merits of several such extensions. 


Let us make these things more explicit and also introduce some notation. An element x 
of g can be written as 

X = x^Ti ( 6 ) 

with Tj a basis of g. Then we can introduce a basis A* of g* with A*(x) = x* and a basis 
F, of g" by F,{Xi) = Sf. 

Defining functions Ej on g* via 

Ej = —iFj, (7) 

we can identify polynomials in the Ej with elements of the symmetric algebra 5(g). In 
this identification, Ei corresponds to the generator Ti of g. The derivative 9* is given 
by 

d^Ej = 5]. (8) 

and extended to polynomials by linearity and Leibniz rule. 

A typical element of the universal enveloping algebra U (g) is given by linear combinations 
of monomials 

Fi^Ei^ ... Ei^ (9) 

where [Ei,Ej] = fij^Ek and the are the structure constants of g. 

Finally, we can also write down the ingredients oi Qd- The function (d) is obtained 
by the replacement x —)■ Tj(9L Symmetric quantization is given by 

Qs{Ei^Ei^ ... EiJ = E^i^Ei^ ... Ei^y (10) 
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3 Evaluating the Duflo map for SU(2) 


In this section we will evaluate the Duflo map on the particular type of gauge-invariant 
terms relevant for the application to horizons in LQG. For a complementary approach 
to the calculation of the image of non-gauge invariant terms under the Duflo map see 

m- 

For the case of SU(2) the function j 2 [x) can be evaluated explicitly as follows: 


j2(x) = 


\ 


f 1 


ad-r 


1 2W^ 


E 


1 


nii (2iV + 1)! [ 4 


— X 


CX) 1 

V 

r iuii2i 

N 

1 |x| 1 


to (2" + 1)! 

8 



( 11 ) 


1 


1 


^j2iV + l)!8^ 


K K ni 


with Kmn = denoting the components of the Killing metric on su(2). Here we 

used the series expansion of sinh in the first line and the fact that the determinant is 
given by the product of the eigenvalues in the second line. The eigenvalues of ad^ in 
turn are given by 0 and —|xp, where the latter occurs with a multiplicity of two. We 
then made use of the relationship |xp := Smnx'^x'^ = —^KmnX^x'^ =: —^||x|p and, in 
the last line, we also used that the series between the absolute value signs corresponds to 
the function , which is positive everywhere and thus allows us to drop the absolute 

value. 

Now we want to extend this map from terms of the form ||K|p”' to terms of the form 
The latter are not gauge invariant and hence the Duflo map does not act as 
an algebra isomorphism on them. We will thus have to evaluate the Duflo map - as 
given by equation Q - explicitly for such terms. We start by computing the action of 
the differential operator j^{d) on this type of terms. Since IISIP” = [||9|p]”' we first 
calculate (for fc > 1) 
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Ei 

— ^ ^hi2 

— ^mn ^ 

..K^2k-li2kgm [(2A;),^”Hi2 . 

■ ■ ^hk ■ 

_ ^ ^iii2 
— ^mn 

. . (2A;) (i” . . 

• -^*2fe 

1 ^ ^ili2 

. {2k) 61 {2k - 2) 6T,Ei,Ei, 

-k K 

. {2k) 6\6^Ei^... 


-k K 

. {2k) 6^^Ei^... 

^hk 




( 12 ) 


= (2A; + 3) {2k) 
whence we obtain for n < k 


\\d\\ 2 n \\E\\^k^^ 


= {2m + 3){2m)\\E\\‘^^^-^'>Ei 

m=k—n+l 

_ {2k+ 1)1 2k+ 3 


(13) 


and \\d\\^^ WEW^'^Ei 


{2k - 2n + 1)1 2k - 2n + 3' 

= 0 for n > k. The result of the action of the infinite order 


differential operator j 2 {d) on this particular type of terms is thus given by 

1 (2A: + 1)! 2A: + 3 


1 /V 

j^d) [ll-E^II (2iV + 1)! 8^ (2/c - 2iV + 1)! 2/c - 2iV + 3' 


^||2(fc-iV)^._ (14) 


Since Qs is a linear map, in order to compute Qd we need the action of Qs again on 
terms of the form 11£1| However, we can reduce this to the problem of calculating 

Q5(||i^||2(n+l)) 


Q5(||^|P("+'^) = . . . 4,^,) 

^ 2k+2 

■ • • 

1=1 
2k+2 

^ -B(jl . . . Ei2k+l)^i2k+2 


— ^*2fe+l*2fc+2 


2k+ 2 
1 


^i2k+2)^H 


(15) 


2k+ 2 


1=1 


= 
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where Ei := Qs{Ei) and we used the definition of Qs in the first line and the definition of 
symmetrisation in the second line. In the third line we then relabelled the dummy indices 
ii and i 2 k +2 in each term of the sum and used the total symmetry of the first 2k+l indices 
to restore the original kappas in front of the sum. Thus in the fourth line all terms in 
the sum are the same and we can express the result in terms of QsiWEW^'^. Since 
iins to be proportional to we can thus write Qsi\\E\\‘^^Ei^i^^^) 

in terms of as 


QsiWEW^^E,^^^^) 


A . . ^^ 2 k+l 


(16) 


where Ajy( 2 ) •= EiEj denotes the generator of the center of Z^(su(2)). Now we only 
need to evaluate Q 5 on terms of the form which is given in [T2] as 


= HP- E (Hfc ') b*’ - 2) (1 - icr-^ (17) 


with r = \E\, C = (5s(r^) and B 2 k denoting the 2k-t]i Bernoulli number. In our notation 
this formula thus reads 


m=0 \ / 

Combining equations (|14|) . (I16D and (I18D will lead to a rather lengthy expression. In 
the spin-Hrepresentation, however, things simplify drastically. More precisely, we have 
= Ti = — ^CTj, with (Tj denoting the Pauli matrices, and therefore we obtain 
n(i/ 2 )(A 3 y( 2 )) = = |, which leads to 


uW^\Qs{\\E\\^^)) 


1 


E (“:>-( 


m=i 

2k 


2k X! 


2k + I 


_ 2 ^^— 2 m+l 


1 ^ (2k + l' 


m=0 


m 


+ gfc X! 


m=0 


m 


D 9 
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1 1 /^ u \ 92/c—m+1 

“^P .0 + ^( 2 fc + l) 

m=0 


2k gfc 

gk 


m 


'2k — m + 1 


—^k,o + ( 2 fe + 1 ) (1 + dkfl) — {2k + 1 ), 


( 19 ) 
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where we used a basic property of Bernoulli numbers to get the third line and a specific 
version of Faulhaber’s formula in the first equality of the last line. Note also that the 
m = 1-terms from the two sums in the second line cancel each other. Hence it does not 
matter whether we use Bernoulli numbers of first or second kind (and the other terms in 
the sums vanish for odd m (> 1), since in this case Bm = 0). Now inserting this result, 
together with equations (fCT) and (fTUl) . into equation ([1]) we finally get 
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= E 

iV=0 


1 1 

{2N + l)\W^ 


2k+ “6 {2k + l)\ 

-2N + ‘i{2k-2N + l)\ 
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( 20 ) 


For the sake of completeness we also add the image of terms of the form under 

the Duflo map, which is given by 


Quimn 


Qd{\\E\\^) 


^su{2) + 



( 21 ) 


and in the spin-^-representation simplifies to 




( 22 ) 


4 Comparison of different extensions 


In this section we want to compare the Duflo map to a different (but related) choice 
of quantization map used by the authors of [S]. They claim to use the Duflo map 














themselves, but they state a slightly different formula for it (seemingly copied from [Ij). 
Their formula has the advantage that in their context (non-commutative holonomies in 
(2+l)-gravity) it produced a very appealing result, namely a relation to knot theory via 
Kauffman’s bracket. Since the difference in the formulas for the Duflo map crucially 
influences the result, in the following we will apply our formula - based on the one 
given in mm - to their calculation and compare the results afterwards. The complete 
expression Noui et al. consider in [S] is rather complicated and fortunately not needed 
here. The relevant part consists of terms of the form 

(23) 

where z is some (purely imaginary) constant, r* = — |cr* denote the generators of 5u(2) 
in the spin-^-representation and Q : S{g) — > U{q) denotes some quantization map, i.e. 
in our case either Qs oi Qd- Since the domain of the map Q is 5(0), we know that 
Q{Ei^ ... Ei^) has to be symmetric in all indices and hence we can equivalently write 


p\ 

_£P ... {r*2fe-i,r*2'=} (g) Q(Sij • • • ^*2J if p = 2A: 

~P'- \^{r*i,r*2}...{r*2fe-i,r*2^}r*2fe+i ®Q(Si, ifp = 2A: + l 

f ... K*2fe-i*2fc (g) Q(£:.i ., ifp = 2A; 

p! _ fJ2k-ii2kT-i2k+i (g) Q[Ei^ ... if p = 2A: + 1 

r^l®g(||S||2^) ifp = 2A: 

p! I (^Q{\\E \) if p = 2A: + 1 

Hence we are down to evaluating the type of terms we already considered in the previous 
section. Since we are working in the spin-^-representation here, we can use equations 
(EDI) and (j22p from the previous section to obtain 
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= cosf— 


(oh\\ cos (2|^) - 1 
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V 2 


oh\ 

2 


T ®Ti, 


(25) 


where we substituted z with its explicit form in the last line. This expression is more 
complicated than the one obtained by the authors of [3] and doesn’t lead to their appeal¬ 
ing result. Since both our and their version of the Duflo map appear in the literature, 
it may be illuminating to further investigate the two formulas. The difference seems to 
have its foundation in different formulas for ja (x), which is given by 





in [T], whereas the authors of [1] seem to use 


j 2 (x) = det 


/ sin ada 
\ S-da; 


(26) 


(27) 


instead (at least this formula is stated in the arXiv version of their paper). However, at 
this stage, the precise nature of the difference between Qd and when applied to 

non-gauge invariant terms remains unclear. 


5 Quantized exponential map 


As we will explain in section El for the 


applications we have in mind, the element 


Q 


exp [ -^^K^^EiTj 


(28) 
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in Z//(su(2)) is of particular importance. Note that this can be understood as a “quantiza¬ 
tion of the exponential map”, so it might also be interesting from a purely mathematical 
point of view. 

We will calculate (l^5|) using the various extensions proposed in the previous text. For 
comparison we will give the results ioi Q = Qd, Q = Qd, Q = and Q = Qs, where 

Qd denotes the Duflo map as defined in eqn. dl, Qs denotes symmetric quantization 
as above, Q = Qd coincides with Qd on terms of the form but is continued via 

Qd^EW^^Ei) = QD{\\E\\‘^"')QD{Ei) and Q^^^ is the Duflo map used by the authors 
of [3], i.e. l-^lP"') = ^ and is continued in the same way as Qd- 

As a first step we expand the exponential as a series yielding 


exp ( -^n'^EiTj 


= COS ( ■ 
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\V2k 
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(2m)! 


-Il®ir"’”l2 (2n.+4)! 


m=0 


We will now consider the application of the different quantisation maps to (I29p . In order 
to allow for an easier comparison, we will also express our results in the basis used in 

m- 

For Q = Qd "we obtain 


Qd 


exp ( - (Tj 
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(30) 
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In the case Q = Qd have 
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exp ( {Tj)\ 
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Using Q = we are left with 
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The choice Q = Qs results in 


Qs 


exp ( -^n^^Ei (Tj)^^ 
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(33) 


Lastly, let us also consider Q = Qs, which denotes the continuation of Qs analogous to 
Qd- The expression then reads 
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Since the Duflo map is supposed to be a deformed version of symmetric quantization, 
it is interesting to note that, while and Qs both produce ^ as argument of the 

occuring sin and cos functions, our version yields ^ instead. Additionally, the fact that 
Q^PP leads to a similarly simple result as in [S] indicates that might be the best 

choice to define an ordering for the quantization of products of flux operators. 


6 Application to quantum Chern Simons theory and black holes 


In loop quantum gravity, one of the variables is a (densitized) vector field E, taking 
values in su(2)*, 

E{x) = Ef{x) da(^t\ (35) 

Upon quantization, due to the use of Lie algebra-valued variables as configuration vari¬ 
ables, the momenta do not commute anymore. Choosing a certain regularizatior]^ one 
can decompose 

Ef{x) = E^{x)%{x) (36) 

where the E°‘{x) denote certain operator valued distributions that commute among each 
other, and 

[Ei{x),Ej{y)] = 6x,yeijkEk{x) (37) 

The non-commutativity is dictated by the structure constants of SU(2) and can be 
thought of as arising from a quantization of the KKS bracket ([5|). 


There are two direct applications of the results of the calculation of the quantized expo¬ 
nential map in the context of LQG. Both center around the operators 


Ws : = 




-1 


Tih K^Aabc Ej dx^dx 



(38) 


The integral is a surface ordered exponential integral (for details see for example [131 [8] ). 
The holonomy h connects the points of S with a base point on dS, (Ti) is a basis of the 


^Details will appear elsewhere [S]. 
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Lie algebra su(2), n denotes its Cartan-Killing metric and c is a constant that depends 
on the application. 

Since the Ef{x) are non-commutative as explained above, Ws is not well defined as it 
stands. Qd can be used as a quantization map, and makes it a well defined operator on 
holonomy functionals 

he [A] = V exp (j) Aa da:“. (39) 

In the case where Wg acts on a holonomy he, with e and S having only a single transver¬ 
sal intersection, the action of Wg is given by the quantization of the exponential map. 

One application of the operators Wg is in the context of the treatment of black holes in 
LQG, [TU[TS1[IB]. In [I71[7j it was sketched how the Wg could be used to determine the 
structure of the surface Hilbert space for a black hole horizon in LQG. In that application, 
all surfaces S are lying within the horizon. This application will be discussed in greater 
detail elsewhere [S]. 

In the following we will discuss the application mm of Wg to the calculation of Chern- 
Simons (GS) expectation values of Wilson loops, using structures in the kinematical 
quantization of LQG. The approach consists of two crucial steps: First one uses the 
fact that under the GS path integral the curvature of the connection can be replaced 
by a functional derivative with respect to the connection. Secondly, one applies a non- 
Abelian version of Stokes’ theorem m to identify holonomies of the connection with 
surface ordered exponentials of the curvature. Combining these two steps one can thus 
calculate GS expectation values of traces of holonomies via 

(tr/ia5[H])= [{trWs) [exp{iScs[^])]hAL[A], (40) 

Ja 

for a suitable constant c in the definition of Wg. With this method it was shown how 
to recover the known GS expectation values for the unknot and the Hopf link and gauge 
groups SU(2) and SU(3). 

However, the expectation values were calculated in a piecemeal fashion, turning one loop 
dS into an operator Wg at a time, and calculating its action under the path integral. 
Now that we have extensions of the Duflo map at our disposal, we can aim for skein 
relations among the expectation values. The argument goes as follows. 

We consider the path integral expectation value of the traces of holonomies along the 
components of a link L: 

{Fl)cs = [_ew{iScs[A]) Fl[A] d^iAilA]. (41) 

JA 
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Consider two holonomy strands passing each other as in figure [T]^i) . As the expectation 
value does not depend on smooth deformations of L, we can deform the one strand in 
the manner shown in fig. By applying the non-abelian Stokes theorem (for details 

see El), we can replace the curved section of the deformed strand by a certain ordered 
exponential integral Xg of the curvature of A over a surface S bounded by the curved 
section, 



Figure 1: Manipulation of a crossing of two holonomy strands, using the operators Wg 


{Fl)cs = / exp(i5cs[^]) (FlY j[A] (IsYi[A] d//AL[A], (42) 

Ja 


see also (hi). {FlY j is obtained from the original functional by removing the holonomy 
along dS. In the next step. Is can be replaced by a functional differential operator 
acting on the action term. For the action 


Scs 


A 

dvr 


/ tr(A AdA +A A A A)) 
J M 3 


(43) 


it holds that 


5AYx) 


[^] 


ick 


Kji 


(44) 


c is a Lie algebra dependent constant (c = 1/4 for A an SU(2) connection). Thus 


{Fl)cs= [(^sV I [ewYScs[A])] {FlY A-^] ^k'ALlA]. (45) 

JA 

'^Strictly speaking, the deformation depicted in (ii) is smooth only so long as the circle around the 
other holonomy strand does not get closed completely. If it is not completely closed, however, the 
replacement in step (iii) (see below) is only an approximation. This approximation can be made 
arbitrarily good, classically, and we will assume in the following that this is also true in the quantum 
theory. 
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Wg is an operator obtained from Xg by substituting (1441) . These functional derivatives 
can be rigorously defined and they do not commute with each other. Hence an ordering 
is needed and is provided by (an extension of) the Duflo map. 

In the next step, partial functional integration gives 


{Fl)cs 



[exp(z5c5[-4])] (Wg^)'^/ 


{FlYj[A] 




(46) 


It turns out, that Wg^ acts only at intersection points of S with holonomy loops [S]. In 
the situation at hand, there is only one intersection. In that case, the action is given by 
inserting the “quantized exponential map” into the remaining holonomy strand, 


(Wgt)% {Fl)^a[A\ =Q 


D 


exp ( EiTj^D 


iC 


[ELfA^clA]. (47) 


B 


The added pair of indices on Fl is due to the fact that a strand was cut at the intersection 
point with the surface S. This leads to a coupling between the two strands by an 
intertwiner, as in (iv) of fig. [TJ In graphical notation, we can write 


Q 


exp 




c 

B 



(48) 


Then, expanding the resulting intertwiner in a suitable basis, we obtain an expression 
that can be compared to the skein relation of knot invariants. 

In section O we had calculated the quantized exponential map in the spin-^-represen¬ 
tation. The space of intertwiners in this case is 2 dimensional. There are two relevant 
bases, 


and 



c 

D) 



(49) 




c 

D: 



0 


( 50 ) 


They are adapted for comparison to the skein relations for the Kauffman bracket 
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( 51 ) 



+ ^- 


and the Jones polynomial 


— t 


-1 V 




+ {t2 -t 2 )^^ +t 




- 


= 0 . 


(52) 


It is well known since [18j that the CS expectation values are closely related to both 
invariants. While the expectation values are framing dependent, the invariants are not. 
The Jones polynomial is obtained from the expectation values in standard framing, 
while the bracket contains an additional factor with the writhe as an exponent, making 
it a regular isotopy invariant. Let us introduce the shortcut 


„ , Svrz ^ ^ 

exp LI := exp ( ——n ^EiTj 


(53) 


When is expanded in basis ([M]), we obtain 


[exp E] = e“ 


+ e 


(54) 


whereas Qd gives 


Qi)[expL;] = 


27r\ i 


+ 


cos 


27r\ 

t) 


27t\ 

t) 

i 



(55) 


Using 



we can also expand these expressions in basis (|5()h : 

® Standard framing is the framing obtained from the consideration of a Seifert surface for the link. 
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(57) 


and 


[exp(£^)] = (e 



ITT 

+ e fc 



2i 

QDie^pE] = - — 


2tt\ 1-cos 
sin — + - 


(^) 


k J 


k 


+ 


27r\ 


cos — H— sin — H— 


k J 


2it\ 


1 — cos 




k J 


3 ¥ 

k 


(58) 


It is clear and remarkable that reproduces the skein relation of the Kauffman 

bracket with 


A = e^ . (59) 

It is equally clear that Qd gives no direct relationship to either the Jones polynomial or 

the Kauffman bracket. 

On the other hand, it was shown in mm that Qo successfully reproduces the relation 
(see figure ED 

{QU L) = q~^q +q~^){L) (60) 

for the Jones polynomial, if one uses the relation 

O = tr (Q£,[expK]) (61) 

directly, without recourse to skein relations, whereas one can see from the results pre¬ 
sented above, that this is not the case for 


L 



Figure 2: Linking an unknot with a link L 

Since the CS expectation values are known to be framing dependent, one might wonder 
how this can affect the results for the skein relations above. Indeed, the introduction of 
the surface S in the calculation above endows part of the link with a specific framing. 
Taking into account this framing and the difference to standard framing, one would have 
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to multiply the terms on the right hand side of (j58p with A and A^, respectively, where 

m 


A:=q-^. (62) 

However, this does not solve the problem of interpreting (j58p in terms of a standard 
skein relation. 


7 Conclusion Outlook 


In the present work, we have considered different extensions of the Duffo map to ^(g), 
as well as some variants of the Duflo map. Explicit calculations have been given for 
g = su(2), in particular the image of the element 

exp (63) 

in the spin-^-representation. 

Interpreting the Duflo map as a quantization map, we have applied it and its variants 
to the calculation of CS expectation values according to a prescription detailed in PE]. 
The results are very interesting, but not straightforward to interpret: Using the variant 
of [TU] one can reproduce the skein relation of the Kauffman bracket. This was 
already observed in [TO]. The calculation we have presented here is in a substantially 
different setting though, and thus serves to emphasize the importance and versatility of 
as a quantization map. 

Somewhat surprisingly, Qd does not seem to be able to reproduce the skein relation with 
the path integral method presented here. This is in contrast to the results 13111 that 
show that certain relations among CS expectation values can be reproduced correctly 
by Qd- Those same calculations seem to fail, however, for 

We can only speculate about the reasons for these incongruent results. One reason might 
be that we are missing something in the translation between the mathematical results 
of the Duffo map (section 0]) and the CS expectation values. Another potential source 
of problems is the fact that we are using the classical recoupling theory in equations 
like (1551) . where the recoupling theory of ?7q(su(2)) might be expected. It would also be 
desirable to understand better what distinguishes mathematically, and how it is 

related to Qd- We will come back to these question in the future. 

Finally, it is intriguing that the structure relevant for the application to CS theory takes 
the form (5[exp(E)], i.e., a quantization of the exponential map. We would like to further 
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analyze what kind of deformation of G this object might represent. These questions, as 
well as an application of Qd to the quantum theory of spherically symmetric isolated 
horizons will be considered elsewhere [S]. 
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